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1. INTRODUCTION 
Minty [l] showed the linearization lemma for the scalar case, which have played useful roles in 
variational inequalities. In fact, the classical Minty’s inequality and Minty’s lemma have been 
shown to be important tools in the regularity results of the solution for a generalized nonho- 
mogeneous boundary value problem [2] and, when the operator is a gradient, also a minimum 
principle for convex optimization problems [3]. And Behera and Panda [4] obtained a nonlinear 
generalization of Minty’s lemma. E’urthermore, they applied the result to obtain a solution of a 
certain variational-like inequality. Kassay and Kolumban [5] considered the following Minty-type 
problem for set-valued mappings with two variables for the scalar case; find an element z E K 
such that: 
sup (.&y-z) LO, for y E K, 
ZET(Z,Z) 
where K is a nonempty convex subset of a dual space X* of a Banach space X and T : K x K + 2x 
is a set-valued mapping. 
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For the vector-valued case, some extensions of Minty’s lemma were obtained by many au- 
thors [6-151. In particular, recently Konnov and Yao [lo] obtained a generalized linearization 
lemma for set-valued mappings and considered the existence of solutions to the following general- 
ized vector variational inequality problems; find z E K such that for y E K, there exists ,Z E T(z) 
such that: 
(z, y - Z) 4 -int C(Z), 
introduced by Lin, Yang and Yao [16], where T : K --+ 2L(x>y) is a set-valued mapping 
and C : K + 2 y is a set-valued mapping such that C(z) is a proper closed convex cone of Y 
with int C(Z) # 8 for each II: E K. In 1999, Lee et al. [ll] obtained a vector version of Minty’s 
lemma using Nadler’s result [17], and with their result they considered the existence of solu- 
tions to two kinds of vector variational-like inequalities for multifunctions under certain new 
pseudomonotonicity condition and certain new hemicontinuity condition, respectively, different 
from conditions in [18,19]. On the other hand, Ansari et al. [6] obtained the nonlinear case of 
Minty’s lemma and showed the existence of solutions to some vector variational-like inequality 
problems using their nonlinear case of Minty’s lemma. In their paper, Lee et al. [12] considered 
a generalized result of Behera and Panda for Minty’s lemma by extending it to the vector case 
under traditional pseudomonotonicity and traditional hemicontinuity conditions. And then with 
the result, they considered the existence of solutions to some vector variational-type inequalities. 
On the other hand, Stampacchia vector variational inequality is defined in [20] as; find z E K 
such that 
F(z) (Y - x) &\{O} 0, for y E K, 
while Minty vector variational inequality is defined in [9] as; find x E K such that 
F(Y) (z - Y) ZC\{O} 0, for IZ: E K, 
where F : X(C IV) -+ RLxn is a set-valued mapping and C is a convex cone in Rr . 
Minty vector variational inequality is closely related to vector optimization problem. Mas- 
troeni [14] deepened the study of the properties of Minty vector variational inequality by ana- 
lyzing the connection among generalized systems, vector optimization problems, and variational 
inequalities. In particular, he showed the equivalence between Minty vector variational inequality 
and Stampacchia vector variational inequality under suitable regularity assumptions. Lee and 
Kum [13] introduced generalized Minty vector variational inequalities for matrix-valued functions 
and showed the equivalence relation between solutions of generalized Minty vector variational in- 
equalities and generalized vector minimum of vector optimization problems. 
In this paper, we introduce the M-@pseudomonotone and M-B-pseudomonotone-type set-valued 
mappings on topological vector spaces. And we consider the existence of solution to the following 
generalized vector variational-type inequality problems GWTIP(1) and GVVTIP(I1) for M-e- 
pseudomonotone-type set-valued mappings to be called the generalized vector version of Minty’s 
lemma, and show their equivalence. 
GVVTIP(1). Find ~0 E K such that for all y E K there exists an uc E T(Q) satisfying 
W(z0, ~0)~ eb, 50)) + 77(x0, Y) - TI@O, ~0) $ -int C(SO). 
GVVTIP(I1). Find 20 E K such that for all y E K there exists a 21 E T(y) satisfying 
(M(Y, u), e(Y, ~0)) + 77(x0, Y) - ~(~0~~0) $ -id C(XO), 
where (1, x) denotes the value of 1 E L(X, Y) at x. 
By putting q = 0, C(y) = -C(y) for y E K and L(X, Y) = X‘, we obtain the following vector 
variational-like inequality introduced by Ansari et al. [6]; find x0 E K such that for all y E K 
there exists an 2~0 E T(Q) satisfying 
Wb0, ~0)~ e(Y, 50)) LintC(z,) 0, 
which generalizes some kinds of vector variational inequalities considered by many authors [lo, 
16,18,21-271. 
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‘2. PRELIMINARIES 
Let X, Y be topological vector spaces, K a nonempty subset of X, and N a nonempty subset 
of L(X, Y), where L(X,Y) is the space of all linear continuous operators from X to Y. Let 
M:KxN+L(X,Y),B:KxK+Xandq:KxK -+ Y be mappings, and {C(z) : z E K} a 
family of closed convex cones in Y. A partial order <C(~) in Y with the closed convex cone C(z) 
is defined as for ~1, yz E Y, 
Y1 <C(r) YZ, if and only if y2 - y1 E C(z). 
Now, we introduce the M-&pseudomonotonicity, M-@pseudomonotone-type, and M-B-hemi- 
continuouity. 
DEFINITION 2.1. A set-valued mapping T : K --f 2N is called 
(1) M-&pseudomonotone if for every pair of points x, y E K and for all u E T(z), ‘u E T(y)! 
we have 
(M(x, ~1, B(Y, ~1) + v(x, Y) - rl(x, x) $ -int C(x), 
(M(Y, u), Q(Y, x)) + rl(x, Y) - 7(x,x) $ -int C(z). 
implies 
(2) M-0-pseudomonotone-type if for every pair of points x, y E K and for all u E T(x)! we 
have 
(Mb, ~1, f3~, xl) + v(x, Y) - rl(x, x) Sr -intC(x), 
(M(Y, v), B(Y, x)) + rl(s, Y) - ~(2, x) sf -intC(x), 
implies 
for some ‘u E T(y). 
REMARK 2.1. 
(I) (1) implies (2)) but not conversely. 
(II) If M(z, u) = u, B(y, x) = y - 5, and q is a zero mapping for all x, y E K, then we obtain 
Definition 2.1 (iii) and (vi) in [lo], respectively. 
(III) If L(X, Y) = X’ and C(x) = IF!+, then we obtain Definition 2.1 (i) in [28]. 
DEFINITION~.~. Let6:KxK-,Kbeamapping.Forx,yEKand~E[O,l],setx,EKbe 
defined by 0(x,, x) = CV. B(y, cc), then 2, is called a point in the curve segment 1 = 0(y, x). Then 
we say 0 satisfies a condition (*I. 
REMARK 2.2. If 8(y,x) = y - x, then x, = x + ~(y - x) is a point in the line segment [x% y]. 
DEFINITION 2.3. Let M : K x N 4 L(X,Y) be a mapping and 0 : K x K + X a mapping 
satisfying condition (*). A set-valued mapping T : K -+ 2 N is said to be M-Q-hemicontinuous on 
K if for every x, y E K, for x, E K such that 8(x,, x) = 01. B(y, x), the multifunction 
a E [O, 11 - W (~a, T(xa)) > B(Y> x)) 
is upper semicontinuous at O+, where (M(x,,T(x,)),B(y,x)) = {(M(~~,~oI),~(y,~)) : u, E 
WL4~. 
REMARK 2.3. Putting M(x, T(x,)) = T(xa) and Q(y,x) = y - z, we obtain the usual U- 
hemicontinuity in [lo]. 
3. MAIN RESULTS 
We first consider a generalized vector version of Minty’s lemma. And then, we show the 
existence of solutions to generalized vector variational-type inequalities for M-&pseudomonotone- 
type set-valued mappings. 
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THEOREM 3.1. Let X and Y be topological vector spaces. Let K be a nonempty convex subset 
of X, N a nonempty subset of L(X, Y) and {C(Z) : x E K} a family of closed convex cones 
in Y. Let M : K x N --f L(X,Y),B : K x K + X and 7 : K x K --i Y be mappings. 
Assume that T : K + 2N is a M-&pseudomonotone-type, M-8-hemicontinuous mapping. Then 
GVVTIPQ) and GVVTIP(I1) are equivalent. 
PROOF. Suppose that there exists an ~0 E K such that for all y E K there exists ZLO E T(Q) 
satisfying (M(~o, ~01, B(Y, ZO)) + ~ZO, Y) - I( 7 ~0, x0) $ -int C(Q), then by the definition of M- 
&pseudomonotone-type, we have an 50 E K such that for all y E K there exists u E T(y) 
satisfying (M(Y,u),Q(Y,zo)) + V(XO,Y) - V(~O,ZO) $ -intC(so). 
Conversely, suppose that we can find an x0 E K such that for all y E K there exists v E T(y) 
satisfying W(Y, v), B(Y, ~0)) + ~(20, Y) - v( x0,x0) $ -int C(Q). Assume to the contrary that for 
some yo E K, for all z E K and for all u E T(s), we have 
(M(x, ~1, ~(Yo, xl) + rib, YO) - rl(x, x) E -int C(x). 
Set 2, E K be a point on the curve segment 1 = B(yo,z) such that @(z,,z) = ck B(yo, x) 
for cy E (0,l). Then by the M-8-hemicontinuity of T, there exists a 6 > 0 such that 
(M (x, .u.‘) , Q(G, ~1) + dx, YO) - TI(X, xl E -int C(x) 
for U’ E T(z,), LY E (0,b). But this is a contradiction to our hypothesis. 
Hence, there exists an 50 E K such that for all y E K there exists an ZLO E T(Q) satisfying 
(M(x,,,uo),~(y,xo)) + rl(xo,y) - rl(“o>Xo) $ -intc(xo) 
COROLLARY 3.2. If we take M(z,u) = IL, 0(y, x) = y - x, and a zero mapping 77, then we obtain 
Lemma 2.1 in (101 as a corollary. 
Let K be a subset of a Hausdorff topological vector space X. Then a mapping T : K + 2x 
is called a KKM mapping if for each nonempty finite subset N of K, co N c T(N), where co 
denotes the convex hull and T(N) = U{T(x) : x E N}. 
The following theorem will play a crucial role in proving the existence of solutions to generalized 
vector variational-type inequalities for M-0-pseudomonotone-type set-valued mappings. 
THEOREM 3.3. (See [29].) Let K be an arbitrary nonempty subset of a Hausdorff topological 
vector spaces X. Let a set-valued mapping T : K --+ 2x be a KKM mapping such that T(x) is 
closed for all x E K and compact for at least one x E K. Then 
n T(x) # 0. 
XEK 
Now, we consider the existence of solutions to generalized vector variational-type inequality 
for M-@pseudomonotone-type, M-6hemicontinuous set-valued mappings. 
THEOREM 3.4. Let X be a Banach space, Y a topological vector space. Let K be a nonempty 
weakly compact convex subset of X, N a nonempty subset of L(X,Y) and {C(x) : x 5 K} 
a family of closed convex cones in Y. Let a set-valued mapping W : K + 2y be defined 
by W(x) = Y \ { -int C(x)} such that GT( W) := {(x, y) E X x Y : x E X, y E W(x)} is weakly 
closed in X x Y. Assume that M : K x N + L(X, Y) is a mapping such that x H M(.,x) 
is continuous, 0 : K x K + X is a mapping such that x H 0(x, .) is affine, x H 0(.,x) is 
continuous and 0(x,x) = 0, and 7: K x K ---f Y is a continuous mapping such that x H q(., x) 
isconvexforallxEK. LetT:K-+2 N be a M-6.pseudomonotone-type M-&hemicontinuous 
mapping with compact values. 
Then GVVTIP(1) holds. 
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PROOF. For each y E K, we define a set-valued mapping Fl : K --j 2K by 
pi(y) := {z E K : there exists an u E T(X) satisfying 
W(x, u), Q(Y, x)) + 77(x, Y) - vb, XI # -int C(s)}. 
Then Fi is a KKM mapping. In fact, suppose that F1 is not a KKM mapping, then there 
exists {XI, x2,. ,x,} C K,ai L 0, i = 1,2,. , n with cr=“=, LY, = 1 such that x = c,“=, Q,X, # 
lJy=i Fl(sj) for any j = 1,2,. ,n. Thus, for ‘u. E T(z), 
Aj := (M(q u), B(xc3, x)) + ~(5, x3) - q(s, x) E -int C(x), 
for all j = 1,2,. . . , n. Hence, 
2cqAj E -intC(z), (3.1) 
j=l 
where c,“=, crj = 1, cvj 1 0, for all j = 1,2,. , n. 
On the other hand, by the affinity of y ++ B(y,z) and the convexity of y H n(x,y), 
for U E T(x), 
Hence, 
- f: ajAj + B E -C(x). (3.2) 
j=l 
By adding (3.1) and (3.2), we have 0 E -int C(z), which is a contradiction. Hence, Fr is a KKM 
mapping. Define another set-valued mapping Fs : K + 2K by for each y E K, 
Fs(y) := {x E K : there exists an ‘u E T(y) satisfying 
(M(y, 2/o, Q(y, x)) + 17(x, Y) - 7(x,x) $ -int C(x)), 
then Fl (y) c Fz(y), by the definition of M-O-pseudomontone-type. Therefore, Fs is also a KKM 
mapping. Now, we claim that Fs(y) is a weakly closed subset of K for each y E K. Indeed, 
let {xn} be a sequence in Fs(y) such that x, --+ x0 E K. Since X, E F2(y), there exists 
an wn E T(y) satisfying 
W(Y) ~4, B(Y, 4) + 77(x,, y) - .rlbk, 4 $ -int C(G) 
so, 
W(Y, %), B(Y, 4) + TI(xTlt Y) - rl(xn, 4 E Wbn). 
Since T(y) is compact, {wn} has a convergent subsequence in T(y), without loss of generality, 
210 = lim,,, w, E T(y). Since Gr(W) is a weakly closed and M, 6, n are continuous, we have 
W(Y, wo), d(Y, x0)) + rl(xo, Y) - rl(XO> 20) E W(xo). 
Hence, 50 E Fz(Y),Fz(Y) is a weakly closed subset of K. Since K is a weakly compact, F2(y) is 
a weakly compact subset of K, for each y E K. Thus, by Theorem 3.3, 
n WY) # 0. 
YEK 
Thus, GVVTIP(I1) holds. Hence, by Theorem 3.1, GVVTIP(1) holds. 
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COROLLARY 3.5. If we take M(z, u) = u, 0(y,x) = y-x, and a zero mapping q, then we obtain 
Theorem 3.3 in [l O] as a corollary. 
REMARK 3.1. We can obtain the same result as Theorem 3.4 for M-O-pseudomonotone mappings, 
which generalizes the following theorem. 
COROLLARY 3.6. If we take M(z, IL) = u, B(y, x) = y - x, and a zero mapping 77, then we obtain 
Theorem 3.1 in 1-2 O] as a corollary. 
COROLLARY 3.7. When X is a reflexive Banach space, L(X, Y) 4 X*, Y = II% and C(x) = JR+, 
then we obtain Theorem 2.1 in [28] as a corollary. 
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